We study inverse semigroup amalgams [S 1 , S 2 ; U ], where S 1 and S 2 are finitely presented inverse semigroups with decidable word problem and U is an inverse semigroup with decidable membership problem in S 1 and S 2 . We use a modified version of Bennett's work on the structure of Schützenberger graphs of the R-classes of S 1 * U S 2 to state sufficient conditions for the amalgamated free products S 1 * U S 2 having decidable word problem.
Introduction
A semigroup S is regular when for each s ∈ S there exists t ∈ S (called an inverse of s) such that s = sts and t = tst. If each s ∈ S has a unique inverse (denoted by s −1 ) then S is called an inverse semigroup. For any inverse semigroup S, the natural partial order ≤ is defined by u ≤ v if and only if u ∈ E S v, where E S denotes the semilattice of idempotents of S. The set [u ↑] = {v ∈ S | u ≤ v} is called order filter of u ∈ S. We refer the reader to Petrich [10] If C is a category of semigroups, S 1 and S 2 are C-semigroups such that S 1 ∩ S 2 = U is a non-empty C-subsemigroup of both S 1 and S 2 , the triple U = [S 1 , S 2 ; U ] is called an amalgam of the C-semigroups {S 1 , S 2 } with core U . The amalgam U is said to be strongly embeddable in the category C if there exist a C-semigroup S and embeddings φ i :
A semigroup amalgam is not necessarily (strongly) embeddable and a large literature is devoted to the (strong) embeddability of semigroup amalgam, we refer the reader to Howie [6] for some references on this problem. In this paper we will be concerned only with inverse semigroup amalgams, i.e. with amalgams [S 1 , S 2 ; U ] where S 1 , S 2 and U are inverse semigroups. A very important theorem of Hall [5] states that the category of inverse semigroups has the Strong Amalgamation Property. The amalgamated free product (or the free product with amalgamation) of S 1 and S 2 , with core U , in the category of inverse semigroups, is denoted by S 1 * U S 2 . If U = ∅ the amalgamated free product is the free product S 1 * S 2 .
We briefly recall the notion of presentation of inverse semigroups (see Stephen [11] for more details). Given a finite alphabet X, let X −1 be a disjoint alphabet of formal inverses of X so that there exists an involutory one-to-one correspondence between X and X −1 , i.e. for each x ∈ X there exists a unique x −1 ∈ X −1 and
with involution on X, whose elements are also called words. Let ρ be the Vagner congruence on (X ∪ X −1 ) + (we write ρ X if X needs to be specified), the quotient semigroup FIS(X) = (X ∪ X −1 ) + /ρ is the free inverse semigroup on X. The free group on X is denoted FG(X). For each w ∈ (X ∪ X −1 ) * , r(w) denotes the reduced form (in the sense of FG(X)) of w. It is well known that FG(X) can be represented via the set r((X ∪ X −1 ) * ) of reduced words over the alphabet (X ∪ X −1 ). Now let R be a binary relation on a semigroup, we denote with R e [R c ] the equivalence [congruence] relation generated by R. A presentation of an inverse semigroup is a pair (X; R), where R is a binary relation on (X ∪ X −1 ) + . The inverse semigroup S = (X ∪ X −1 ) + /(R ∪ ρ) c is said to be presented by the set of generators X and the relation R, and is denoted by S = Inv X|R . The fundamental question associated with the concept of presentation is the decidability of the word problem, i.e. the existence of an effective algorithm that, for a given inverse semigroup S = Inv X|R = (X ∪X −1 ) + /τ with τ = (R ∪ρ) c and two arbitrary words u, v ∈ (X ∪ X −1 ) + , decides whether or not uτ and vτ are the same element of S.
In this work all the automata and their underlying graphs will be inverse automata and inverse graphs. An X-inverse word graph is a strongly connected labeled digraph with a non-empty vertex set V( ), whose set of edges E( ) is labeled by elements of (X ∪ X −1 ) and is involutive, i.e. (v , x, v ) ∈ E( ) if and only if (v , x, v ) 
Recall that a graph is called strongly connected when for each pair of vertices v and v there exists a v − v path. An X-inverse subgraph of is a (strongly connected) X-inverse word graph whose vertex and edge sets are subsets of the respective sets of , and we write ⊆ . A morphism from the X-inverse word graph to the X-inverse word graph is a pair of maps φ = (φ V , φ E ), where φ V : V( ) → V( ) and φ E : E( ) → E( ), such that φ E (v , x, v ) = (φ V (v ), x, φ V (v ) ). Note that φ is completely determined by φ V . In the following we will use the same symbol φ for both φ V and φ E . An X-inverse word
